We consider scaling of flow within a stirred tank with increasing Reynolds number. Experimental 
Introduction
Scaling of flow and mixing within a stirred tank reactor is of significant practical importance. For lack of a satisfactory understanding, the design of production-scale stirred tanks often evolves through a number of stages that iterate between laboratory experiments and pilot plants, a time-consuming and expensive step-by-step scale -up process. Part of the difficulty is that mean flow and turbulence quantities, such as rms fluctuation and dissipation, often scale differently with increasing tank size and operating speed. As a result the scaling of mixing within the tank can be complex.
Previous experimental investigations have considered flow and mixing inside stirred tanks of varying size operating over a range of speeds and, thus, have addressed, directly or indirectly, the scaling of mean and turbulence quantities with Reynolds number [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . These studies together cover a wide range of
Reynolds number from 10 to 1. In spite of the above efforts the scaling of flow and mixing within a stirred tank with increasing tank size and impeller speed remains not fully understood. In this paper we address the question of scaling with experiments performed in two different tanks with impeller speed varying over Reynolds numbers ranging from 4,000 to 80,000. The two tanks were constructed to be geometrically similar. Both employ a lid at the top of the tank in order to prevent free surface (Froude number) effects. The flow is entirely driven by the rotating impeller and the operational speeds are such that Mach and Rossby numbers are irrelevant.
Reynolds number is expected to be the only relevant parameter of the problem. The results for each tank, when appropriately nondimensionalized by the blade tip radius and velocity, show Reynolds number independence with increasing impeller speed at sufficiently high Reynolds number. However, surprisingly the results for the two different tanks do not exhibit a perfect collapse, suggesting sensitive dependence on small differences, especially in the geometric scaling of their impellers.
Stereoscopic particle image velocimetry (PIV) measurements were made on three different vertical planes within the tank. The instantaneous measurements are phase-locked with the blade position and ensemble averaging over many such realizations yields the phase-averaged mean velocity. The measurement on the three planes, which are located close to the impeller swept volume, are interpolated to obtain all three components of the phase-averaged mean velocity on a cylindrical plane of constant radius located just beyond the impeller tip. The velocity on this cylindrical plane is the impeller induced inflow and it can be considered to dictate the flow over the entire tank at large 14 . Thus, here we consider the scaling of velocity measured over this plane as a proxy for scaling of flow over the entire stirred tank.
The phase-averaged mean flow within the tank stirred with a Rushton turbine can be considered to be made up of three different basic flow elements: circumferential flow, a jet flow and pairs of tip vortices associated with the impeller blades. This simple decomposition has been shown to be effective in modeling the impeller induced flow, particularly in the neighborhood of the impeller (see Yoon et al. 15 ). Here we investigate the scaling of each of these elements individually with increasing tank size and impeller rotation rate. By looking at the scaling of parameters, such as the strength and size of the jet and tip vortex pairs individually, we hope to address the question of mean flow scaling in more detail. In particular, it is of interest to establish the minimum Reynolds number necessary for these parameters to be Reynolds Here we will also investigate the scaling of both vorticity and dissipation for the two tanks and in particular, address when they become Reynolds number independent. If the scaling of the mean flow were to be uniform over the entire tank, we expect the scaling of these higher order quantitie s to follow that of the mean flow. However, it can be anticipated that the Reynolds number independence of the nondimensional vorticity and dissipation will be delayed to much higher Reynolds numbers, since these derivative quantities give more importance to the smaller scales of motion. Thus, the results on the scaling of vorticity and dissipation can be used to interpret the scale -dependence of mean flow scaling.
Experimental methodology

Apparatus
The experiments were an extension of more limited experiments first reported by Hill et al. 16 . A schematic overhead view of the set-up for the current stereoscopic particle image velocimetry (PIV) experiments is shown in figure 1 . To assess the influence of geometric scaling, two geometrically similar test sections were considered. In both cases, an acrylic, unbaffled # circular cylinder was mounted within a slightly larger square tank. The diameters of the two circular tanks were T 1 =152.5 cm and T 2 =292.1 cm.
The cylinder was filled with de-ionized water to a depth equal to its diameter and the volume between the cylindrical and the square tanks was also filled, in order to reduce the optical distortion due to the curved surface. A lid, with a small hole to accommodate the impeller shaft, was placed on top of the liquid. The purpose of the lid was to suppress the free-surface displacement, which becomes significant otherwise at higher speeds of impeller rotation. The tolerances between the shaft, lid, and the cylindrical tank were all very tight.
The two tanks were geometrically similar. The lid on top eliminates any free surface and associated
Froude number effect. The flow within the tank is completely determined by the impeller rotation and therefore in the present problem the rotational and velocity scales are not independent (Rossby number becomes irrelevant). Furthermore, the velocities considered are quite low that Mach number effect can be ignored. Thus dynamic similarity between the two tanks could be achieved by simply matching the Reynolds numbers. However, some subtle differences in the impellers of the two different arrangements # The use of baffles is a practical means by which to impede the rotation of the fluid. However, one purpose of these experiments was to obtain detailed data for comparison to CFD results, so the simple baffle-free geometry was chosen.
Yoon et al., Scaling of flow Part I, 2003 5 must be noted. The Rushton impeller for the small tank was supplied by Lightnin, Inc., and the impeller for the large tank was custom made by Proprmix, Inc. Figure 1 also shows the detailed sketch of the impeller geometry with the corresponding measurements for the two tanks. While the diameter of the impeller, blade length, blade height and diamter of the disk were geometrically scaled, the blade thickness, disk thic kness, sleeve diameter were not perfectly scaled between the small and large tanks. The ramifications of these seemingly minor differences will be discussed later.
The Rushton turbine was mounted at mid-depth along the axis of the cylinder. The shaft extends through the impeller to the bottom of the tank, where it was held in place by a small nylon sleeve bearing. Insight software completed the image acquisition package.
Experimental procedure
Because of the lid, the only upper bounds on impeller speed were those placed by the power and speed limits of the mixers. As a result, it was possible to cover Reynolds numbers ranging from 4000 to 80000. Table 1 details the experimental dimensions for both tanks.
As indicated in figure 2, data were obtained on three vertical planes located very close to the tips of the impeller blades. An optical encoder, focused on the impeller shaft, was used to trigger acquisition such that the impeller blades were in the position shown for each realization. For the small tank experiments, these planes were located at distances of 23.22, 25.13, and 27.67 mm from the impeller shaft. For the large tank experiments, these planes were located at distances of 45.12, 48.77, and 53.64 mm. For each combination of impeller speed and acquisition plane, an ensemble of 500 realizations was obtained.
The raw images from the left and right cameras were individually interrogated and then validated.
Finally, the two two-dimensional vector fields were combined, using a mapping determined by calibration, 
Results
Mean flow scaling
The mean flow ensemble -averaged over all the realizations (
) and interpolated onto the cylindrical surface is shown in figure 3 for the small tank at the lowest rotation speed, corresponding to Re=4,300. In figure 3 frame (a) shows the in-plane velocity vector plot and frame (b) shows the out-of-plane (radial) velocity contours. Only a 60 0 sector is shown, and the view is limited to the top half of the tank with the region below the center-plane obtained by symmetry. The θ-dependence of the flow field is due to the presence of the tip vortices, whose impact is most evident in the figure around θ=18 0 ± 1 0 and z≈0.1± 0.1. The tip vortex pair cuts the cylindrical plane at an angle, and its sense of rotation is such that it enhances the radial velocity due to the jet at the midplane (z=0), but opposes the jet sufficiently away from the mid-plane. In fact, the negative radial velocity and its localized peak around Reynolds number the radial velocity for the large tank is somewhat stronger than the small tank.
The normalized mean radial, circumferential and axial velocities averaged over θ,
, (overbar indicates θ-average) are shown in figure 5 for the small tank. Upon θ-average the effect of tip vortex pairs gets averaged, and the contribution to the mean flow from the jet stands out, being clearly evident as the rapid increase in the radial velocity as the midplane is approached.
The weak negative peak in the radial velocity around z=0.2 is due to the tip vortex pair, but the asymptotic negative radial velocity approached for large z is due to the broad return flow back towards the impeller region. The jet has a strong circumferential component oriented in the direction of blade rotation (note that θ is measured in the direction opposite to blade rotation). At this radial location (r=1.06) the radial component of the jet is larger than the circumferential component. As can be seen in figure 5b, as z increases the circumferential velocity approaches a constant value, suggesting a background circumferential flow, which is only weakly dependent on z. The magnitude of the radial velocity steadily decreases with increasing Reynolds number, while the magnitude of circumferential velocity increases with Re. However, a tendency towards Reynolds number independence for these normalized velocity profiles is observed with increasing Reynolds number. The axial velocity component is much weaker in magnitude, and it arises from the jet-induced entrainment and also from the large tank-wide circulation.
Although the variation with increasing Re is not monotonic, a tendency towards Reynolds number independence can be observed here, as well.
The above results for the small tank compare favorably with those for the large tank shown in figure   6 . The jet amplitude for the large tank appears to be slightly stronger than that for the small tank. Apart Re D ∝
. The good degree of Reynolds number independence exhibited in both the tanks in figure 7 suggests that the lack of perfect collapse between the two tanks will persist even when compared on the basis of constant volume averaged mean dissipation rate.
It is interesting to note that for the large tank at the lowest Re considered the maximum circumferential velocity exceeds the blade tip velocity (possibly due to the tip vortex influence). With increasing Reynolds number, however, the magnitude of peak circumferential velocity is reduced below the blade tip velocity. While the peak radial velocity remains comparable to the peak circumferential velocity, in terms of the surface-averaged mean, the radial velocity is an order of magnitude weaker than the circumferential component. This is to be expected, since a radial return flow is required to satisfy continuity, and as can be seen in figures 5 and 6, even a short distance away from the impeller (for 0.2 z > ) the radial velocity is negative.
Decomposition of mean flow
The theoretical model presented in Yoon et al. 15 , considered the impeller-induced phase-averaged mean flow as a superposition of a circumferential flow, a circular jet and a pair of tip vortices associated with each impeller blade. Their superposition for the mean flow, in a frame of reference rotating with the blade, can be expressed as:
where c u is a purely circumferential flow. Its strongest variation is along the radial direction, and it is only weakly dependent on z. In the laboratory frame of reference the time averaged flow is axisymmetric as the effect of the impeller blades gets averaged out and remains invariant to θ. The effect of the impeller blades and the associated tip vortices can be better accounted for in the mean flow in a frame of reference that rotates with the blades. In the rotating frame, the blades remain fixed in position and the time averaged mean flow is periodic over the 60 0 sector between the blades. Thus, the above superposition in the rotating frame of reference allows for the description of a complex impeller-induced flow, with all three (radial, circumferential and axial) components of velocity strongly dependent on all three coordinate directions.
In the case of a Rushton turbine the jet flow slowly changes direction from a circumferential direction to a more radial direction with increasing radial distance from the axis 4, 17, 18 . Thin shear layer theory can be applied and an approximate self-similar solution can be obtained for the jet (see Yoon et al. 15 ). At any radial distance, r, from the axis of t he tank the self-similar jet is directed at an angle 122 jet cos/ rar θ −  =−   to the radial direction and the jet velocity along this direction is given by
The jet flow is fully characterized by three parameters: A -a measure of the jet momentum, 1/σ -a measure of the jet thickness and a -the virtual origin.
The tip vortices are generated from the roll-up of the shear layers as flow accelerates around the rotating impellers 3, 9, 19 . The tip vortices are at their peak strength close to the impellers and weaken as they 
where, ξ is the normal (shortest) distance from the vortex backbone to the point at which the velocity is evaluated. The other two parameters that characterize the vortex are: Γ , the strength (or circulation) of the vortex and, δ / 1 , the vortex core diameter. The above five parameters completely characterize the effect of the tip vortices, at least in the neighborhood of the impeller.
Tip vortex scaling
The influence of circumferential flow and circular jet can be subtracted from the experimental measurements to isolate the contribution from the tip vortex pairs. Following a procedure similar to that in Yoon et al 15 we extract the parameters associated with the tip vortex pair that yield the best match to the experimental measurements. Table 2 shows the location of the tip vortex centers on the cylindrical plane for the large tank is about 0.055. The large tank is twice bigger than the small tank, and therefore in dimensional terms the vortex size for the large tank is only about factor 1.5 bigger than that for the small tank. On the cylindrical surface of interpolated mean velocity the effect of tip vortices is the strongest on the leeward side of the blade (that is for small values of θ). On this surface the velocity field at large values of θ is dominated by the jet and the circumferential flow. Thus the efficiency of the jet and the circumferential flow models in capturing the measured mean flow variation can be evaluated from the data at large θ. As an example, figure 11a shows the experimental mean radial, circumferential and axial velocity components as a function of z at θ=55 0 for the small tank at Re=23,700. The corresponding result for the large tank at Re=23,492 is shown figure 11b. The excellent representation for the circumferential velocity component is due to the fact that the circumferential component, c u , has been defined to yield the best agreement for large θ. Good representation can be observed for the radial velocity, except the model is constrained to approach zero radial velocity with increasing z, while a small negative radial inflow is observed in the experiment for large z for the small tank.. The agreement for the axial velocity is reasonable; however the magnitude of axial velocity is significantly smaller than the other two components. Similar comparison has been made for both the tanks over the entire range of Re.
Vorticity and dissipation scaling
The measurement of all three components of the mean velocity on three parallel planes allows for accurate evaluation of all components of the mean velocity gradient and thus vorticity and dissipation fields associated with the mean flow. Here we will investigate the scaling of both vorticity and dissipation for the two tanks. The phase-averaged mean radial vorticity can be defined in terms of the mean flow as figure 15a and the corresponding trend of the surface maximum m ε is shown in figure 15b . The approach to Reynolds number independence is similar to that for mean vorticity observed in figure 13 .
Conclusions
Experimental measurements of flow induced by a Rushton turbine in an unbaffled stirred tank have been performed over a wide range of operating speeds. Two different tank sizes were used with water as the working fluid to cover a Reynolds number range of 4,000 to 80,000. Phase-locked stereoscopic PIV measurements were made on three different vertic al planes near the impeller to obtain all three components of the impeller-induced flow. Instantaneous realizations were averaged to obtain the phaseaveraged velocity on a 60 0 sector of a cylindrical plane of nondimensional radial location, r≈1.06, just beyond the blade tip radius. Data on this cylindrical surface dictates the flow in the interior of the tank.
Hence, the Reynolds number scaling of this velocity data can serve as a proxy for the Reynolds number scaling of the entire flow. The phase-averaged velocity is dependent on both θ and z, from which θ-averaged and surface-averaged mean velocities are deduced.
All three components of the mean velocity are observed to scale with the blade tip velocity beyond a
Reynolds number of about 15,000, in agreement with the findings of previous researchers. Similar behavior is observed for the scaling of the maximum impeller-induced velocity as well.
The phase-averaged mean flow was decomposed into circumferential, jet and tip-vortex elements and the parameters associated with the tip vortex pairs (their location, orientation, circulation and size) and the circular jet (jet momentum, width and virtual origin) were extracted from the experimental measurements.
It is observed that the nondimensional jet and tip vortex strength appears to become Reynolds number independent only at large Reynolds numbers. The thickness of the jet appears to scale with the dimensions of the impeller above a modest Reynolds number of about 20,000; however the diameter of the tip vortex does not appear to scale similarly. The virtual origin of the circular jet, however, shows only a slow tendency towards Reynolds number independence. In the case of tip vortex pairs, the location of their centers on the plane of mean flow measurement (r≈1.06) remains independent of Re and the tip vortex orientation (with respect to the radial direction), quickly approaches an asymptotic value of about 60 0 with increasing Reynolds number.
The scaling of the mean flow from the small to the large tank has shown the most intriguing behavior.
Effort was taken to maintain geometric and dynamic similarity between the small and the large tank. In both the tanks a no-slip condition has been enforced at the top with a lid, thus avoiding the influence of a free surface and the associated Froude number. The Rushton turbine was also geometrically scaled from the small to the large tank; however, small differences exist between the two. Probably most important, the length of the turbine blade in the large tank was 3.45% proportionately longer than the blade in the These differences were initially thought to be not significant, but because of them the Reynolds number behaviors for the two tanks, although similar, were not perfect. As a result noticeable difference persisted in the mean radial velocity between the small and the large tanks, even at asymptotically large Reynolds numbers (see figure 7) . These results suggest a sensitive dependence of the mean flow to the overall geometric details of the impeller. Further conformation of this behavior requires additional experiments with perfectly scaled impellers, and perhaps over a series of tank sizes. The main conclusion to be drawn is that scale -up will not work well unless all aspects of the turbine blade are scaled perfectly.
The distribution of radial vorticity and dissipation illustrate the importance of the tip vortex contribution to the mean flow. The spatial compactness of the tip vortex pairs contributes to higher gradients and thus to gradient dependent quantities such as vorticity and dissipation. Reynolds number independence for the nondimensional vorticity and dissipation is observed above a Reynolds number of about 45,000 and the difference between the small and large tanks persist even at the higher Reynolds numbers. Figure 1 . Overhead schematic of experimental apparatus and data acquisition system. G Figure 6 . The same as figure 5 for the large tank. 
